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SOME RESULTS ON THE SCHUR MULTIPLIER OF
NILPOTENT LIE ALGEBRAS
PEYMAN NIROOMAND AND FARANGIS JOHARI
Abstract. For a non-abelian Lie algebra L of dimension n with the derived
subalgebra of dimension m , the author earlier proved that the dimension of
its Schur multiplier is bounded by 1
2
(n+m−2)(n−m−1)+1. In the current
work, we obtain the class of all nilpotent Lie algebras which attains the above
bound. Furthermore, we also improve this bound as much as possible.
1. Introduction, Motivation and Preliminaries
Analogous to the Schur multiplier of a group, the Schur multiplier of a Lie
algebra,M(L), can be defined asM(L) ∼= R∩F 2/[R,F ] where L ∼= F/R and F is
a free Lie algebra (see [5, 13, 14] for more information).
There are several works to show that the results on the Schur multiplier of finite
p-groups (p a prime) have analogues on the Schur multiplier M(L) of a nilpotent
Lie algebra L of dimension n. For instance, in [13, Theorem 3.1], the author proved
that for a non-abelian nilpotent Lie algebra of dimension n, we have
(1.1) dimM(L) ≤
1
2
(n+m− 2)(n−m− 1) + 1
and the equality holds when L ∼= H(1) ⊕ A(n − 3), in where H(m) and A(n)
denote the Heisenberg Lie algebra of dimension 2m + 1 (a Lie algebra such that
L2 = Z(L) and dimL2 = 1) and abelian Lie algebra of dimension n. This improves
the earlier results obtained by the same author in [15, Main Theorem] for Lie
algebras. Recently, the structure of all p-groups of class two for which |M(G)|
attains the bound [13, Theorem 3.1] is classified in [17], and then [13, Theorem 3.1]
has been improved by Hatui in [7].
In the present article, we give some new inequalities on the exterior square and
the Schur multiplier of Lie algebras. Then we classify all nilpotent Lie algebras
that attain the bound 1.1. More precisely, they are exactly nilpotent Lie algebras
of class two. Moreover, for nilpotent Lie algebras of class at last 3, we improve
1.1 as much as possible. It develops some key results of [7, 17] for the class of Lie
algebras by a different way.
For the convenience of the reader, we give some results without proofs which will
be used in the next section. For a Lie algebra L, we use notation L(ab) instead of
L/L2.
Lemma 1.1. [2, Proposition 3] Let A and B be two Lie algebras. Then
M(A⊕B) ∼=M(A)⊕M(B)⊕ (A(ab) ⊗mod B
(ab)),
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in where A(ab) ⊗mod B
(ab) is the standard tensor product A and B.
Schur multipliers of abelian and Heisenberg Lie algebras are well known. See for
instance [11, Lemma 2.6].
Lemma 1.2. We have
(i) dimM(A(n)) =
1
2
n(n− 1).
(ii) dimM(H(1)) = 2.
(iii) dimM(H(m)) = 2m2 −m− 1 for all m ≥ 2.
Our next aim is to exhibit a close relation between the Lie algebra M(L) and
M(L/K) where K is an ideal of L.
Lemma 1.3. [13, Corollary 2.3] Let L be a finite dimensional Lie algebra, K an
ideal of L and H = L/K. Then
dimM(L) + dim(L2 ∩K) ≤ dimM(H) + dimM(K) + dim(H(ab) ⊗mod K
(ab)).
The next lemma gives an upper bound for the Schur multiplier of an n-dimensional
nilpotent Lie algebra with the derived subalgebra of maximum dimension.
Lemma 1.4. [14, Theorem 3.1] An n-dimensional nilpotent Lie algebra L in which
dimL2 = n− 2 and n ≥ 4 has dimM(L) ≤ dimL2.
The following theorem improves the earlier bound on the dimension of Schur
multiplier.
Theorem 1.5. [13, Theorem 3.1] Let L be an n-dimensional non-abelian nilpotent
Lie algebra with the derived subalgebra of dimension m. Then
dimM(L) ≤
1
2
(n+m− 2)(n−m− 1) + 1.
In particular, when m = 1 the bound is attained if and only if L = H(1)⊕A(n−3).
From [5] L ∧ L and L ⊗ L denote the exterior square and the tensor square of
a Lie algebra L, respectively. The authors assume that the reader is familiar with
these concepts.
Proposition 1.6. [5, Proposition 1.1] Let L be a Lie algebra such that I and K
are ideals in L and K ⊆ I. Then the sequence K ∧ L→ I ∧ L→ L/K ∧ I/K → 0
is exact.
Lemma 1.7. [5, Theorem 35 (iii)] Let L be a Lie algebra. Then 0 → M(L) →
L ∧ L
κ′
−→ L2 → 0 is exact, in where κ′ : L ∧ L→ L2 is given by l ∧ l1 7→ [l, l1].
The following lemmas are useful in our main results.
Lemma 1.8. [9, Lemma 2.14] Let I be a central ideal of L. Then
I ∧ L ∼=
(
I ⊗mod L/L
2
)
/〈x⊗ (x+ L2)|x ∈ I〉.
Moreover, if I ⊆ L2, then I ∧ L ∼= I ⊗mod L/L
2.
The next lemma illustrates the Lie algebra L∧L is isomorphic to a factor of the
free Lie algebra F 2.
SCHUR MULTIPLIER OF NILPOTENT LIE ALGEBRAS 3
Lemma 1.9. [12, Theorem 2.10] Let 0→ R→ F
pi
−→ L→ 0 be a free presentation
of a Lie algebra L. Then
δ : L ∧ L→ F 2/[R,F ]
x ∧ y 7→ [x˜, y˜] + [R,F ]
is an isomorphism, in where pi(x˜ +R) = x and pi(y˜ +R) = y.
The next result is extract from the works of Batten, Moneyhun and Stitzinger
(1996).
Lemma 1.10. [2, Lemma 1] Let L be a Lie algebra such that dimL/Z(L) = n.
Then dimL2 ≤
1
2
n(n− 1).
2. Main result
In this section, after examining certain upper bounds for L ∧ L and M(L), we
investigate the numerical inequality on the dimension M(L). Then we classify all
nilpotent Lie algebras that attains the upper bound Theorem 1.5. They are exactly
nilpotent Lie algebras of class two. Moreover, for nilpotent Lie algebras of class at
least 3, we also improve the bound Theorem 1.5.
First, we begin with the following result for a Lie algebra, similar to the result
of Blackburn for the group theory case [3].
Let 0→ R→ F
pi
−→ L→ 0 be a free presentation of a Lie algebra L. Then
Theorem 2.1. Let L be a finite dimensional nilpotent non-abelian Lie algebra of
class two. Then
0→ ker g → L2 ⊗mod L
(ab) g−→M(L)→M(L(ab))→ L2 → 0
is exact, in where
g : x⊗ (z + L2) ∈ L2 ⊗mod L
(ab) 7→ [x˜, z˜] + [R,F ] ∈M(L) = R ∩ F 2/[R,F ],
pi(x˜+R) = x and pi(z˜ +R) = z. Moreover, K = 〈[x, y]⊗ z +L2 + [z, x]⊗ y+L2 +
[y, z]⊗ x+ L2|x, y, z ∈ L〉 ⊆ ker g.
Proof. By using [1, Lemma 1.2] for c = 1, we have the following exact sequence
0→ ker g → L2 ⊗mod L
(ab) g−→M(L)→M(L(ab))→ L2 → 0
in where
g : x⊗ (z + L2) ∈ L2 ⊗mod L
(ab) → [x˜, z˜] + [R,F ] ∈M(L) = R ∩ F 2/[R,F ],
pi(x˜ + R) = x and pi(z˜ + R) = z. Putting K = 〈[x, y] ⊗ z + L2 + [z, x] ⊗ y + L2 +
[y, z]⊗ x+ L2|x, y, z ∈ L〉. By using the Jacobi identities,
g([x, y]⊗ z + [z, x]⊗ y + [y, z]⊗ x) = [[x˜, y˜], z˜] + [[z˜, x˜], y˜] + [[y˜, z˜], x˜] + [R,F ] = 0.
Thus K ⊆ ker g. 
The following two theorems are similar to the results of Ellis in [6] and Hauti in
[7] for the case of group theory.
Theorem 2.2. Let L be a Lie algebra. Then
(i) Li/Li+1 ∧ L/Li+1 ∼= Li/Li+1 ⊗mod L/L
2 for all i ≥ 2.
(ii) The natural sequence Li+1 ∧ L
αi+1
−−−→ Li ∧ L
ηi
−→ Li/Li+1 ⊗mod L/L
2 → 0
is exact for all i ≥ 2.
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Proof. (i) Since Li/Li+1 ⊆ Z(L/Li+1)∩L2/Li+1, Lemma 1.8 implies Li/Li+1∧
L/Li+1 ∼= Li/Li+1 ⊗mod L/L
2 for all i ≥ 2.
(ii) The result follows from Proposition 1.6 and part (i).

Proposition 2.3. Let L be a Lie algebra. Then
(i) the map γL : L
(ab) ⊗mod L
(ab) ⊗mod L
(ab) → L2/L3 ⊗mod L/L
2 given by
(x+L2)⊗(y+L2)⊗(z+L2) 7→ ([x, y]+L3⊗z+L2)+([z, x]+L3⊗y+L2)+([y, z]+L3⊗x+L2)
is a Lie homomorphism. If any two element of the set {x, y, z} are linearly
dependent. Then γL(x+ L
2 ⊗ y + L2 ⊗ z + L2) = 0.
(ii) Define the map
γ′2 : (L/Z(L))
(ab) ⊗mod (L/Z(L))
(ab) ⊗mod (L/Z(L))
(ab) → L2/L3 ⊗mod (L/Z(L))
(ab)
(
x+ (L2 + Z(L))
)
⊗
(
y + (L2 + Z(L))
)
⊗
(
z + (L2 + Z(L))
)
7→
(
[x, y] + L3 ⊗ z + (L2 + Z(L))
)
+
(
[z, x] + L3 ⊗ y + (L2 + Z(L))
)
+
(
[y, z] + L3 ⊗ x+ (L2 + Z(L))
)
.
Then γ′2 is a Lie homomorphism. Moreover, if any two element of the set
{x, y, z} are linearly dependent, then
γ′2(x+ (L
2 + Z(L))⊗ y + (L2 + Z(L))⊗ z + (L2 + Z(L))) = 0.
(iii) The map
γ′3 :(L/Z(L))
(ab) ⊗mod (L/Z(L))
(ab) ⊗mod (L/Z(L))
(ab) ⊗mod (L/Z(L))
(ab)
→ L3 ⊗mod (L/Z(L))
(ab) given by
(
x+ (L2 + Z(L))
)
⊗
(
y + (L2 + Z(L))
)
⊗
(
z + (L2 + Z(L))
)
+
(
w + (L2 + Z(L))
)
7→
(
[[x, y], z]⊗ w + (L2 + Z(L))
)
+
(
[w, [x, y]] ⊗ z + (L2 + Z(L))
)
+
(
[[z, w], x]⊗ y + (L2 + Z(L))
)
+
(
[y, [z, w]]⊗ x+ (L2 + Z(L))
)
is a Lie homomorphism.
Proof. Clearly, γL is a Lie homomorphism. Let x = βy, for a scalar β. We claim
that γL(x+ L
2 ⊗ y + L2 ⊗ z + L2) = 0. Since [x, y] = 0, we have
γL(x + L
2 ⊗ y + L2 ⊗ z + L2) =
([z, x] + L3 ⊗ y + L2) + ([y, z] + L3 ⊗ x+ L2) =
([z, βy] + L3 ⊗ y + L2) + ([y, z] + L3 ⊗ βy + L2) =
β
(
([z, y] + L3 ⊗ y + L2) + ([y, z] + L3 ⊗ y + L2)
)
=
β
(
([z, y] + L3 ⊗ y + L2)− ([z, y] + L3 ⊗ y + L2)
)
= 0.
Thus γL(x + L
2 ⊗ y + L2 ⊗ z + L2) = 0. The cases (ii) and (iii) obtained by a
similar way. 
The following preliminary result will also play an important role in the next.
Lemma 2.4. The following natural sequence of abelian Lie algebras
Li/Li+1⊗mod
(
(Z(L)+L2)/L2
) τ ′i−→ Li/Li+1⊗modL/L2
δi−→ Li/Li+1⊗mod
(
L/(Z(L)+L2)
)
→ 0
is exact for all i ≥ 2.
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Proof. The proof is straightforward. 
We now make an observation to the Proposition 1.6 and Theorem 2.2 (ii), we
can easily check that the following maps are homomorphisms
η1 : l ∧ l1 ∈ L ∧ L 7→ (l + L
2 ∧ l1 + L
2) ∈ L/L2 ∧ L/L2,
ηi : x ∧ y ∈ L
i ∧ L 7→ (x+ Li+1 ⊗ y + L2) ∈ Li/Li+1 ⊗mod L/L
2,
αi : x∧z ∈ L
i∧L 7→ (x∧z) ∈ Li−1∧L, and κ′i : (x1∧z1) ∈ L∧L
i−1 7→ [x1, z1] ∈ L
i
for all i ≥ 2. Put K = 〈[x, y] ∧ z + [z, x] ∧ y + [y, z] ∧ x|x, y, z ∈ L〉 ⊆ L2 ∧ L and
K1 = 〈[[x, y], z]∧w+[w, [x, y]]∧z+[[z, w], x]∧y+[y, [z, w]]∧x|w, x, y, z ∈ L〉 ⊆ L
3∧L.
By remembering the last homomorphisms, we are now ready to prove
Proposition 2.5. Consider the canonical homomorphisms
τi : L
i ∧ Z(L)→ Li ∧ L,
τ ′i : L
i/Li+1 ⊗mod
(
(Z(L) + L2)/L2
)
→ Li/Li+1 ⊗mod L/L
2
and
δi : L
i/Li+1 ⊗mod L/L
2
։ Li/Li+1 ⊗mod
(
L/(Z(L) + L2)
)
for all i ≥ 2. Then αi(Imτi) = 0Li−1∧L, ηi∣∣
Imτi
(Imτi) = Imτ
′
i = ker δi, Imτ2 ⊆
K ⊆ kerα2, dim τ
′
2 ≤ dim ImγL ≤ dimK ≤ dimkerα2, Im(δ2∣∣
ImγL
) = Imγ′2 and
ker(δ2∣∣
ImγL
) = Imτ ′2 for all i ≥ 2. Moreover, K1 ⊆ kerα3 and dim Imγ
′
3 ≤ dimK1 ≤
dimkerα3.
Proof. We claim that αi(x ∧ z) = 0Li−1∧L for all z ∈ Z(L) and x ∈ L
i for all
i ≥ 2. There exists x¯ ∈ L ∧ Li−1 such that κ′i(x¯) = x. We may assume that
x¯ =
∑r
t=1 βt(l
′
t ∧ lt), where lt ∈ L
i−1, l′t ∈ L and βt is scalar. Then
x = κ′i(x¯) = κ
′
i(
r∑
t=1
βt(l
′
t ∧ lt)) =
r∑
t=1
βt([l
′
t, lt]).
Therefore
αi(x ∧ z) = x ∧ z = (
r∑
t=1
βt[l
′
t, lt]) ∧ z =
r∑
t=1
βt([l
′
t, lt] ∧ z)
=
r∑
t=1
βt(l
′
t ∧ [lt, z]− lt ∧ [l
′
t, z]) = 0Li−1∧L.
Thus αi(Imτi) = 0Li−1∧L. Consider the restriction of homomorphism ηi to Imτi as
follows
ηi∣∣
Imτi
: x ∧ z ∈ Imτi 7→ (x+ L
i+1 ⊗ z + L2) ∈ Li/Li+1 ⊗mod L/L
2.
Obviously, Im(ηi∣∣
Imτi
) = Imτ ′i . By invoking Lemma 1.9 , δ : L ∧ L → F
2/[R,F ]
is an isomorphism and δ([x, y] ∧ z + [z, x] ∧ y + [y, z] ∧ x) = [[x˜, y˜], z˜] + [[z˜, x˜], y˜] +
[[y˜, z˜], x˜] + [R,F ] = 0. Using the Jacobi identities, we have [[x˜, y˜], z˜] + [[z˜, x˜], y˜] +
[[y˜, z˜], x˜] + [R,F ] = 0 for x, y, z ∈ L. Thus
[x, y] ∧ z + [z, x] ∧ y + [y, z] ∧ x = 0L∧L for all x, y, z ∈ L.
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Hence α2(K) = 0 and so K ⊆ kerα2. By the restriction of η2 to K and Proposition
2.3 (i), we have η2(K) = ImγL. Thus dim ImγL ≤ dimK ≤ dimkerα2. Now we
show that Imτ ′2 ⊆ ImγL. Let z ∈ Z(L) and d =
∑t
i=1 αi[xi, yi] for xi, yi ∈ L. Since(
[xi, yi] + L
3 ⊗ z + L2
)
+
(
[z, xi] + L
3 ⊗ yi + L
2
)
+
(
[yi, z] + L
3 ⊗ xi + L
2
)
=
(
[xi, yi] + L
3 ⊗ z + L2
)
for all 1 ≤ i ≤ t,
we obtain
(
[xi, yi] + L
3 ⊗ z + L2
)
∈ ImγL. Thus
d+ L3 ⊗ z + L2 = (
t∑
i=1
αi[xi, yi] + L
3)⊗ z + L2 =
t∑
i=1
(αi[xi, yi] + L
3 ⊗ z + L2) ∈ ImγL.
Therefore Imτ ′2 ⊆ ImγL. Similarly Imτ2 ⊆ K ⊆ kerα2. By the restriction of δ2 to
ImγL, we have
δ2∣∣
ImγL
: ImγL → L
2/L3 ⊗mod L/(L
2 + Z(L)) given by
([x, y] + L3 ⊗ z + L2) + ([z, x] + L3 ⊗ y + L2) + ([y, z] + L3 ⊗ x+ L2) 7→
(
[x, y] + L3 ⊗ z + (L2 + Z(L))
)
+
(
[z, x] + L3 ⊗ y + (L2 + Z(L))
)
+
(
[y, z] + L3 ⊗ x+ (L2 + Z(L))
)
.
Obviously, Im(δ2∣∣
ImγL
) = Imγ′2 and ker(δ2∣∣
ImγL
) = Imτ ′2.We show that K1 ⊆ kerα3
and dim Imγ′3 ≤ dimK1 ≤ dimkerα3. Since
α3([[x, y], z] ∧ w + [w, [x, y]] ∧ z + [[z, w], x] ∧ y + [y, [z, w]] ∧ x) =
[[x, y], z] ∧w + [w, [x, y]] ∧ z + [[z, w], x] ∧ y + [y, [z, w]] ∧ x =
[x, y] ∧ [z, w]− z ∧ [[x, y], w] + [w, [x, y]] ∧ z + [z, w] ∧ [x, y]
− x ∧ [[z, w], y] + [y, [z, w]] ∧ x =
[x, y] ∧ [z, w] + z ∧ [w, [x, y]] + [w, [x, y]] ∧ z + [z, w] ∧ [x, y]
+ x ∧ [y, [z, w]] + [y, [z, w]] ∧ x = 0L2∧L,
we have K1 ⊆ kerα3. Similarly, Proposition 2.3 (iii) implies η3(K1) = Imγ
′
3 and so
dim Imγ′3 ≤ dimK1 ≤ dimkerα3, as required. 
Theorem 2.6. Let L be a finite dimensional nilpotent non-abelian Lie algebra of
class c. Then
dimL ∧ L+ dim ImγL ≤ dimL ∧ L+
c∑
i=2
dimkerαi
= dimL/L2 ∧ L/L2 +
c∑
i=2
dim(Li/Li+1 ⊗mod L/L
2).
Proof. By using Proposition 1.6 and Theorem 2.2 (ii), the following two sequences
(2.1) L2 ∧ L
α2−→ L ∧ L
η1
−→ L/L2 ∧ L/L2 → 0
and
(2.2) Li+1 ∧ L
αi+1
−−−→ Li ∧ L
ηi
−→ Li/Li+1 ⊗mod L/L
2 → 0,
SCHUR MULTIPLIER OF NILPOTENT LIE ALGEBRAS 7
are exact for all i ≥ 2.
Using 2.1 and 2.2, we have
(2.3)
dimL ∧ L+
c∑
i=2
dim kerαi = dim(L/L
2 ∧ L/L2) +
c∑
i=2
(dimLi/Li+1 ⊗mod L/L
2).
Now Proposition 2.5 implies dim ImγL ≤ dimkerα2. Hence 2.3 deduces that
dimL ∧ L+ dim ImγL ≤ dimL ∧ L+ dim kerα2
≤ dimL ∧ L+
c∑
i=2
dimkerαi =
dim(L/L2 ∧ L/L2) +
c∑
i=2
dim(Li/Li+1 ⊗mod L/L
2),
as required. 
Theorem 2.7. Let L be a finite dimensional nilpotent non-abelian Lie algebra of
class c. Then
dimL ∧ L+ dim Imγ′2 ≤ dimL ∧ L+
c∑
i=2
dimkerαi
= dim(L/L2 ∧ L/L2) +
c∑
i=2
dim(Li/Li+1 ⊗mod (L/Z(L))
(ab)).
Proof. By Proposition 2.5, we have dim ImγL ≤ dimkerα2. Thus
dimL ∧ L+ dim ImγL − dim Imτ
′
2 ≤
dimL ∧ L+ dim kerα2 − dim Imτ
′
2.
Proposition 2.5 implies dim Imτ ′i ≤ dim Imτi ≤ dimkerαi for all i ≥ 2. Hence
dimL ∧ L+ dimkerα2 − dim Imτ
′
2
≤dimL ∧ L+
c∑
i=2
(dim kerαi − dim Imτ
′
i).
Hence
dimL ∧ L+ dim ImγL − dim Imτ
′
2 ≤ dimL ∧ L+
c∑
i=2
(dimkerαi − dim Imτ
′
i).
On the other hand, with the aid of Theorem 2.6, we have
dimL ∧ L+
c∑
i=2
(dimkerαi − dim Imτ
′
i)
= dim(L/L2 ∧ L/L2) +
c∑
i=2
(
dim(Li/Li+1 ⊗mod L/L
2)− dim Imτ ′i
)
.
Now Lemma 2.4 implies
dim(Li/Li+1 ⊗mod L/L
2) = dim(Li/Li+1 ⊗mod (L/Z(L))
(ab)) + dim Imτ ′i ,
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for i ≥ 2. Thus
dim(L/L2 ∧ L/L2) +
c∑
i=2
(
dim(Li/Li+1 ⊗mod L/L
2)− dim Imτ ′i
)
=
dim(L/L2 ∧ L/L2) +
c∑
i=2
dim(Li/Li+1 ⊗mod (L/Z(L))
(ab)).
By the fact that dim ImγL − dim Imτ
′
2 = dim Imγ
′
2 in the proof of Proposition 2.5,
we have
dimL ∧ L+ dim Imγ′2 ≤ dimL/L
2 ∧ L/L2 +
c∑
i=2
dim(Li/Li+1 ⊗mod (L/Z(L))
(ab)),
as required. 
Recall that a Lie algebra L is called stem provided that Z(L) ⊆ L2.
Theorem 2.8. Let L be a finite dimensional nilpotent stem Lie algebra of class 3.
Then, we have
dimL ∧ L+ dim Imγ′2 + dim Imγ
′
3
≤ dim(L/L2 ∧ L/L2) + dim(L2/L3 ⊗mod L
(ab)) + dim(L3 ⊗mod L
(ab)).
Proof. Proposition 2.5 implies dim Imγ′3 ≤ dimK1 ≤ dimkerα3. But dimkerα3 ≤
dimL3 ∧L and Lemma 1.8 implies that dimL3 ∧ L = dimL3 ⊗mod L
(ab). Now the
result directly obtained from Theorem 2.7. 
Looking the proof of [13, Theorem 3.1], we have
Proposition 2.9. Let L be a nilpotent Lie algebra of dimension n such that
dimL2 = 1. Then L ∼= H(m)⊕A(n− 2m− 1).
(i) If m = 1, then dimM(L) =
1
2
(n− 1)(n− 2) + 1.
(ii) If m ≥ 2, then dimM(L) =
1
2
(n− 1)(n− 2)− 1.
Lemma 2.10. Let L be a finite dimensional nilpotent Lie algebra and dimL/L2 =
1. Then dimL = 1.
Proof. Since dimL/L2 = 1 and the Frattini subalgebra L is equal to L2, we have
dimL = 1, as required. 
The following theorem improves Theorem 1.5.
Theorem 2.11. Let L be an n-dimensional non-abelian nilpotent Lie algebra of
class c with the derived subalgebra of dimension m and t = dim(Z(L)/Z(L) ∩ L2).
Then
dimM(L) ≤
1
2
(n+m− 2)(n−m− 1)− t(m− 1) + 1.
In particular, when m = 1 the bound is attained if and only if L = H(1)⊕A(n−3).
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Proof. If m = 1, then the result holds by Proposition 2.9. Thus we may assume
that m > 1. By invoking Lemmas 1.2 and 1.7, dimL/L2∧L/L2 = dimM(L/L2) =
1
2
(n−m)(n−m− 1). Therefore Theorem 2.7 implies
dimL ∧ L+ dim Imγ′2 ≤ dimL ∧ L+
c∑
i=2
dimkerαi
= dim(L/L2 ∧ L/L2) +
c∑
i=2
dim(Li/Li+1 ⊗mod (L/Z(L))
(ab))
=
1
2
(n−m)(n−m− 1) +
c∑
i=2
dim(Li/Li+1 ⊗mod (L/Z(L))
(ab)).
On the other hand,
c∑
i=2
dim(Li/Li+1 ⊗mod (L/Z(L))
(ab)) = dim
(
(
c⊕
i=2
Li/Li+1)⊗mod (L/Z(L))
(ab)
)
= dimL2 dim(L/Z(L))(ab) = m(n−m− t).
Thus
dimL ∧ L+ dim Imγ′2 ≤
1
2
(n−m)(n−m− 1) +m(n−m− t).
Now we are going to obtain a lower bound for the dimension of Imγ′2.
If dim(L/Z(L))(ab) = 1, by using Lemma 2.10, we have dim(L/Z(L)) = 1, and so
L is abelian that is impossible. Hence dim(L/Z(L))(ab) ≥ 2. Set d = dim(L/(Z(L)+
L2)). We claim that d − 2 ≤ dim Imγ′2 for d ≥ 2. If d = dim(L/(Z(L) + L
2)) =
dim(L/Z(L))(ab) = 2, then Imγ′2 = 0, by Proposition 2.3 (ii). Thus d − 2 = 0 =
dim Imγ′2. Suppose that d = dim(L/(Z(L) + L
2)) ≥ 3. We can choose a basis
{x1 + Z(L) + L
2, . . . , xd + Z(L) + L
2}
for L/(Z(L)+L2) such that [x1, x2]+L
3 is non-trivial in L2/L3. We claim that all
elements of the set
B = {γ′2
(
(x1 +(Z(L)+L
2))⊗ (x2 +(Z(L) +L
2))⊗ (xi +(Z(L) +L
2))
)
|3 ≤ i ≤ d}
are linearly independent. Since
L2/L3 ⊗mod (L/Z(L))
(ab) ∼=
d⊕
i=1
(
L2/L3 ⊗mod 〈xi + (Z(L) + L
2)〉
)
and for i ≥ 3
γ′2
(
x1 + (Z(L) + L
2)⊗ x2 + (Z(L) + L
2)⊗ xi + (Z(L) + L
2)
)
= [x1, x2] + L
3 ⊗ xi + (L
2 + Z(L)) + [xi, x1] + L
3 ⊗ x2 + (L
2 + Z(L))
+ [x2, xi] + L
3 ⊗ x1 + (L
2 + Z(L)),
we have
γ′2
(
x1 + (Z(L) + L
2)⊗ x2 + (Z(L) + L
2)⊗ xi + (Z(L) + L
2)
)
∈
〈[x1, x2] + L
3 ⊗ xi + (L
2 + Z(L))〉 ⊕ 〈[xi, x1] + L
3 ⊗ x2 + (L
2 + Z(L))〉⊕
〈[x2, xi] + L
3 ⊗ x1 + (L
2 + Z(L))〉.
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Since [x1, x2] /∈ L
3 and xi /∈ L
2+Z(L), [x1, x2]+L
3⊗xi+(L
2+Z(L)) is non-trivial
element in L2/L3 ⊗mod 〈xi + (Z(L) + L
2)〉, γ′2
(
x1 + (Z(L) + L
2) ⊗ x2 + (Z(L) +
L2)⊗ xi + (Z(L) + L
2)
)
6= 0. Hence all elements of
γ′2(B) = {[x1, x2] + L
3 ⊗ xi + (L
2 + Z(L)) + [xi, x1] + L
3 ⊗ x2 + (L
2 + Z(L))
+ [x2, xi] + L
3 ⊗ x1 + (L
2 + Z(L))|3 ≤ i ≤ d}
are linearly independent and so d− 2 ≤ dim Imγ′2. By Lemma 1.7, we have
dimM(L) + dimL2 + d− 2 ≤
1
2
(n−m)(n−m− 1) +m(n−m− t).
Since d = n−m− t, we have
dimM(L) +m+ (n−m− t− 2) ≤
1
2
(n−m)(n−m− 1) +m(n−m− t) =
1
2
(n−m)(n−m− 1) + (m− 1)(n−m− 1)− (m− 1)(n−m− 1) +m(n−m− t) =
1
2
(n+m− 2)(n−m− 1)−m(n−m) + (n−m− 1) +m+m(n−m− t) =
1
2
(n+m− 2)(n−m− 1) + (n−m− 1) +m−mt =
1
2
(n+m− 2)(n−m− 1) + n− 1−mt.
Thus
dimM(L) ≤
1
2
(n+m− 2)(n−m− 1) + n− 1−mt−m− (n−m− t− 2)
1
2
(n+m− 2)(n−m− 1)−mt− 1 + t+ 2 =
1
2
(n+m− 2)(n−m− 1)− t(m− 1) + 1,
as claimed. If m = 1, then the converse holds by Theorem 1.5. 
According to the notation and terminology of the classification of nilpotent Lie
algebras of dimension at most 6 in [4], let
L5,8 = 〈x1, . . . , x5|[x1, x2] = x4, [x1, x3] = x5〉
and
L6,26 = 〈x1, . . . , x6|[x1, x2] = x4, [x1, x3] = x5, [x2, x3] = x6〉.
Note that from the notation of [8, 16], L5,8 is also denoted by L(4, 5, 2, 4).
The following example shows that the upper bound of Theorem 2.11 can be
obtained.
Example 2.12. Let L = L5,8 ⊕A(1). By Lemmas 1.1 and 2.13, we have
dimM(L) = dimM(L5,8) + dimL5,8/(L5,8)
2 = 6 + 3 = 9.
Since n = 6,m = 2 and t = 1,
dimM(L) =
1
2
(n+m− 2)(n−m− 1)− t(m− 1) + 1 =
1
2
6(6− 3)− 1 + 1 = 9.
The following lemma gives the structure of all n-dimensional nilpotent Lie alge-
bra with the derived subalgebra of dimension two when the bound of Theorem 1.5
is attained.
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Lemma 2.13. Let L be an n-dimensional nilpotent Lie algebra with the derived
subalgebra of dimension two. Then dimM(L) =
1
2
n(n − 3) + 1 if and only if
L ∼= L5,8.
Proof. The result follows from [16, Theorem 3.9], since m = 2. 
Corollary 2.14. There is no n-dimensional nilpotent Lie algebra of nilpotency
class c ≥ 3 such that dimM(L) =
1
2
n(n− 3) + 1.
Proposition 2.15. Let L be an n-dimensional non-abelian nilpotent Lie algebra
with the derived subalgebra of dimension m and dimM(L) =
1
2
(n+m−2)(n−m−
1) + 1. If m ≥ 2, then L is stem.
Proof. Putting t = dim(Z(L)/Z(L) ∩ L2). By Theorem 2.11, we have
dimM(L) =
1
2
(n+m− 2)(n−m− 1) + 1
<
1
2
(n+m− 2)(n−m− 1) + 1− t(m− 1).
Thus t = 0 and so Z(L) ⊆ L2, as required. 
Proposition 2.16. Let L be an n-dimensional nilpotent Lie algebra with the derived
subalgebra of dimension m and dimM(L) =
1
2
(n+m− 2)(n−m− 1)+1. If m ≥ 2
and K is an ideal of dimension 1 contained in Z(L). Then L/K attains the bound
Theorem 1.5, that means
dimM(L/K) = dimM(L)−dimL/L2+dim(L2∩K) =
1
2
(n+m−4)(n−m−1)+1.
Proof. By Proposition 2.15, L is stem. Using Lemma 1.3, we have
dimM(L) + dim(L2 ∩K) ≤ dimM(L/K) + dimM(K) + dim(L/L2 ⊗mod K)
≤ dimM(L/K) + dim(L/L2 ⊗mod K).
Thus
dimM(L) ≤ dimM(L/K) + dim(L/L2 ⊗mod K)− dim(L
2 ∩K)
≤
1
2
(n+m− 4)(n−m− 1) + 1 + n−m− 1
=
1
2
(n+m− 2)(n−m− 1) + 1 = dimM(L).
Therefore
dimM(L/K) = dimM(L)−dimL/L2+dim(L2∩K) =
1
2
(n+m−4)(n−m−1)+1,
as required. 
Proposition 2.17. Let L be an n-dimensional nilpotent Lie algebra with the derived
subalgebra of dimension m and dimM(L) =
1
2
(n+m−2)(n−m−1)+1. If m ≥ 2
and K is a non-zero ideal of dimension k contained in Z(L). Then L/K attains
the bound Theorem 1.5, in the other words
dimM(L/K) =
1
2
(n+m− 2(k + 1))(n−m− 1) + 1.
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Proof. By Proposition 2.15, we have L is stem. Let K be an ideal of dimension k
contained in Z(L). We have dimL/K = n− k and dim(L/K)2 = m− k. We prove
the result by induction on k. If k = 1, then the result holds by Proposition 2.16.
Now let k ≥ 2. There exists an ideal K1 in K with dimension k − 1. Using the
hypothesis induction, we have
dimM(L/K1) =
1
2
(n+m− 2k)(n−m− 1) + 1.
Since K/K1 is one dimensional ideal in Z(L/K1), Proposition 2.16 implies that
dimM(L/K) = dimM(
L/K1
K/K1
) =
1
2
(n+m− 2(k + 1))(n−m− 1) + 1.
And this completes the proof. 
Proposition 2.18. Let L be an n-dimensional nilpotent Lie algebra with the derived
subalgebra of dimension m and dimM(L) =
1
2
(n+m− 2)(n−m− 1)+1. If m ≥ 3
and n−m ≤ 3, then L is stem and n−m = 3.
Proof. By Proposition 2.15, L is stem. If n − m = 1, then by Lemma 2.10, L
is abelian, which is impossible. If n − m = 2, then by Lemma 1.4, dimM(L) =
m+ 1 < m− 2. So we have a contradiction again. Hence n−m = 3. 
Definition 2.19. [10, Definition 2.1] A Lie algebra H is called generalized Heisen-
berg of rank n if H2 = Z(H) and dimH2 = n.
Theorem 2.20. Let L be an n-dimensional nilpotent Lie algebra of class two with
the derived subalgebra of dimension m and dimM(L) =
1
2
(n+m−2)(n−m−1)+1.
If m ≥ 3 and n−m ≥ 3, then L is generalized Heisenberg of rank 3 and dimension
6.
Proof. By Theorem 2.1, we have dimM(L)+dimker g−dimL2 = dimM(L(ab))+
dimL(ab) ⊗mod L
2, where 〈[x, y]⊗ z +L2 + [z, x]⊗ y+L2 + [y, z]⊗ x+L2|x, y, z ∈
L〉 ⊆ ker g. By using Proposition 2.18, L is stem of class two and so Z(L) = L2.
Since dimM(L) =
1
2
(n+m− 2)(n−m− 1) + 1 and dimL/L2 = n−m, we have
dimX = n−m− 2.
If d = dimL/Z(L) = n−m ≥ 4, then since dimL2 ≥ 3, without loss of generality,
we can choose a basis {x1 + L
2, . . . , xd + L
2} for L/L2 such that [x1, x2], [x2, x3]
and [x3, x4] are non-trivial in L
2. Thus
L2 ⊗mod L/L
2 ∼=
d⊕
i=1
(
L2 ⊗mod 〈xi + L
2〉
)
.
Hence all elements of
{[x1, x2]⊗ xi + L
2 ⊕ [xi, x1]⊗ x2 + L
2 ⊕ [x2, xi]⊗ x1 + L
2, |3 ≤ i ≤ d, i 6= 1, 2}
and
{[x2, x3]⊗ xi + L
2 ⊕ [xi, x2]⊗ x3 + L
2 ⊕ [x3, xi]⊗ x2 + L
2, |3 ≤ i ≤ d, i 6= 1, 2, 3}
{[x3, x4]⊗ xi + L
2 ⊕ [xi, x3]⊗ x4 + L
2 ⊕ [x4, xi]⊗ x3 + L
2, |3 ≤ i ≤ d, i 6= 2, 3, 4}
are linearly independent and hence 2(n−m− 3) + n−m − 2 ≤ dimX. That is a
contradiction. Therefore n −m = 3. Now Lemma 1.10 implies dimL2 ≤ 3. Thus
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n = 6 and m = 3. Hence L is a generalized Heisenberg Lie algebra of rank 3.
By looking the classification of nilpotent Lie algebras given in [4], we should have
L ∼= L6,26. 
We use the method of Hardy and Stitzinger in [8] to compute the Schur multiplier
of L6,26 as below.
Proposition 2.21. The Schur multiplier of Lie algebra L6,26 is an abelian Lie
algebra of dimension 8.
Proof. Let L = L6,26 = 〈x1, . . . , x6〉 with [x1, x2] = x4, [x1, x3] = x5, [x2, x3] = x6
start with
[x1, x2] = x4 + s1, [x1, x3] = x5 + s2,
[x1, x4] = s3, [x1, x5] = s4,
[x1, x6] = s5, [x2, x3] = x6 + s6,
[x2, x4] = s7, [x2, x5] = s8,
[x2, x6] = s9, [x3, x4] = s10,
[x3, x5] = s11, [x3, x6] = s12,
[x4, x5] = s13, [x4, x6] = s14,
[x6, x5] = s15,
where {s1, . . . , s15} generate M(L). Using the Jacobi identities on all possible
triples gives
s5 = s8 − s10, s13 = s14 = s15 = 0.
s13 = [[x1, x2], x5] = −([[x5, x1], x2] + [[x2, x5], x1])
= [s4, x2] + [s8, x1] = 0,
s14 = [[x1, x2], x6] = −([[x6, x1], x2] + [[x2, x6], x1])
= −([−s5, x2] + [s9, x1]) = 0,
s15 = [[x2, x3], x5] = −([[x5, x2], x3] + [[x3, x5], x2])
= −([−s8, x3] + [s11, x2]) = 0,
s5 = −[[x2, x3], x1] = ([[x1, x2], x3] + [[x3, x1], x2])
= ([x4, x3] + [−x5, x2]) = −s10 + s8.
Using another change of basis in which we define x′4 = x4 − s1, x
′
5 = x5 − s2 and
x′6 = x6 − s6, we conclude that M(L) = 〈s3, s4, s7, . . . , s12〉 and so dimM(L) =
8. 
Theorem 2.22. Let L be an n-dimensional nilpotent Lie algebra of class two with
the derived subalgebra of dimension m. Then dimM(L) =
1
2
(n+m− 2)(n−m−
1) + 1 if and only if L is isomorphic to the one of Lie algebras H(1) ⊕ A(n −
3), L5,8 or L6,26.
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Proof. Let dimM(L) =
1
2
(n+m− 2)(n−m− 1) + 1. If m = 1, then dimM(L) =
1
2
(n− 1)(n− 2)+1 and Proposition 2.9 shows that L = H(1)⊕A(n− 3). If m = 2,
then dimM(L) =
1
2
n(n−3)+1 and Lemma 2.13 implies that L ∼= L5,8. Let m ≥ 3.
If n−m = 1, then by Lemma 2.10, L is abelian, which is impossible. If n−m = 2,
then by Lemma 1.4, dimM(L) = m+1 < m− 2, so we have a contradiction again.
Thus m ≥ 3 and n −m ≥ 3. Using Theorem 2.20 we should have L ∼= L6,26. The
converse follows from using Propositions 2.9, 2.21 and Lemma 2.13. 
Remember that H(1) is a Lie algebra with basis x, y, z and the only non–zero
multiplication between basis elements is given by [x, y] = z.
Proposition 2.23. There is no n-dimensional nilpotent Lie algebra of nilpotency
class 3 and dimL2 = m such that dimM(L) =
1
2
(n+m− 2)(n−m− 1) + 1.
Proof. By contrary, let dimM(L) =
1
2
(n+m− 2)(n−m− 1) + 1. By Proposition
2.17, dimM(L/Z(L)) also attains the bound of Theorem 1.5. Put dimZ(L) = t.
Hence by Theorem 2.22, L/Z(L) is isomorphic to one of H(1)⊕A(n− t− 3), L5,8
or L6,26.
Let L/Z(L) ∼= H(1) ⊕ A(n − t − 3). By Proposition 2.15, Z(L) ⊆ L2. Thus
dimL/L2 = dim(L/Z(L))(ab) = n − t − 1 and dimL2 = t + 1. If t = 1, then
dimL2 = 2 and so dimM(L) =
1
2
n(n − 3) + 1, which contradicts the result of
Corollary 2.14. Thus dimL2 ≥ 3. If dimL/Z(L) = 3, then n−m = 2. Lemma 1.4
implies dimM(L) ≤ m. Now by the assumption, since n = m + 2, dimM(L) =
m+ 1. Thus we have a contradiction. Therefore dimL/Z(L) ≥ 4 and dimL2 ≥ 3.
Since L/Z(L) ∼= H(1)⊕ A(n − t − 3), there exist two ideals I1/Z(L) and I2/Z(L)
in L/Z(L) such that I1/Z(L) ∼= H(1) and I2/Z(L) ∼= A(n− t− 3). We may assume
that I1 = 〈x1, x2, x3, a1, a2, a3|[x1, x2] = x3 + a1, [x2, x3] = a2, [x1, x3] = a3, ai ∈
Z(L)〉+Z(L) and I2 = 〈y1, . . . , yn−t−3〉+Z(L), where for all 1 ≤ i ≤ n− t− 3, we
have yi /∈ Z(L).
We claim that dim Imγ′2 ≥ n − m − 2 and dim Imγ
′
3 ≥ 1. Since dimL
2 =
dimZ(L) + 1, yi /∈ L
2 for all 1 ≤ i ≤ n − t − 3. Also x3 /∈ Z(L) implies
[xi, x3] 6= 0, for some 1 ≤ i ≤ 2. Using the same way in the proof of The-
orem 2.11, we may obtain that dim Imγ′2 ≥ n − m − 2. On the other hand,
γ′3(x1 + Z(L) ⊗ x2 + Z(L) ⊗ x3 + Z(L) ⊗ y1 + Z(L)) is non-trivial and so also
dim Imγ′3 ≥ 1, as we claimed.
Let dimL3 = m1 and using Lemma 1.7, we have dimL ∧ L = dimM(L) + L
2.
Therefore Theorem 2.8 implies
dimM(L) +m+ n−m− 2 + 1 ≤ dimM(L) + dimL2 + dim Imγ′2 + dim Imγ
′
3 ≤
dim(L/L2 ∧ L/L2) + dim(L2/L3 ⊗mod L
(ab)) + dim(L3 ⊗mod L
(ab)) =
1
2
(n−m)
(n−m− 1) + (m−m1)(n−m) +m1(n−m) =
1
2
(n−m)(n−m− 1) +m(n−m).
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Thus
dimM(L) ≤
1
2
(n−m)(n−m− 1) +m(n−m)−m− (n−m− 2)− 1 =
1
2
(n−m)(n−m− 1) + (m− 1)(n−m− 1) =
1
2
(n+m− 2)(n−m− 1),
which is a contradiction. Hence we should have L/Z(L) ∼= L5,8 or L/Z(L) ∼= L6,26.
By Proposition 2.15, Z(L) ⊆ L2, and so n−m = dimL/L2 = 3. Using the same way
in the proof of Theorem 2.11, we may obtain that dim Imγ′2 ≥ 1 and dim Imγ3 ≥ 1.
Putting dimL3 = m1 and using Theorem 2.8 and Lemma 1.7, we have
dimM(L) +m+ 1 + 1 ≤ dimM(L) + dimL2 + dim Imγ′2 + dim Imγ
′
3
≤ dim(L/L2 ∧ L/L2) + dim(L2/L3 ⊗mod L
(ab)) + dim(L3 ⊗mod L
(ab)) =
1
2
6 + 3(m−m1) + 3m1.
Therefore dimM(L) ≤ 2m + 1. On the other hand, since n = m + 3, by the
assumption dimM(L) = 2m + 2, which is a contradiction. This completes the
proof. 
Theorem 2.24. There is no n-dimensional nilpotent Lie algebra of nilpotency class
c ≥ 3 and dimL2 = m when dimM(L) =
1
2
(n+m−2)(n−m−1)+1. In particular,
dimM(L) ≤
1
2
(n+m−2)(n−m−1), for all Lie algebras of nilpotency class c ≥ 3.
Proof. Let there be such a Lie algebra L. We get a contradiction by using induction
on c. By using Proposition 2.23, there is no n-dimensional nilpotent Lie algebra L
of nilpotency class 3 such that dimM(L) =
1
2
(n+m− 2)(n−m− 1) + 1. Now let
c > 3. By using the induction hypothesis, L/Z(L) cannot obtain the upper bound
given in Theorem 1.5, which is impossible by looking Proposition 2.17. Therefore
the assumption is false and the result obtained. 
In the following examples, we may use the method of Hardy and Stitzinger in
[8] to show that there are some Lie algebras of dimension n and dimL2 = m such
that dimM(L) =
1
2
(n+m− 2)(n−m− 1).
Example 2.25.
Let L5,7 = 〈x1, . . . , x5|[x1, x2] = x3, [x1, x3] = x4, [x1, x4] = x5〉, and
L5,9 = 〈x1, . . . , x5|[x1, x2] = x3, [x1, x3] = x4, [x2, x3] = x5〉.
Computing the Schur multiplier as in Hardy and Stitzinger in [8] yields dimM(L5,7) =
dimM(L5,9) = 3. Therefore L5,7 and L5,9 obtain the upper bound mentioned in
Theorem 2.24.
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